We compute, to leading order in h µν , the contribution of coherent matter to the vacuum energy density. Focusing on the case of a superconductor which obeys the Ginzburg-Landau equation, we express the relativistic invariant density in terms of low-energy quantities containing the density of Cooper pairs. We discuss under which physical conditions the sign of the local contribution of the collective function to the vacuum energy density is positive or negative. Effects of this kind can play an important role in determining local changes in the amplitude of gravitational fluctuations.
acts as a cut-off for a class of zero modes of the pure Einstein action called "dipolar fluctuations" (because they can be thought as generated by static unphysical sources satisfying, up to terms of order G 2 , the condition d 3 xT 00 (x) = 0).
The contribution of a dipolar fluctuation to the cosmological term is typically of the form ∆S = Λτ Mr 2 Q,
where τ is the duration of the fluctuation, M is the order of magnitude of the virtual +/masses, r their distance and Q is an adimensional function which depends on the detailed form of the dipole. If ∆S ≫ 1, then the fluctuation is suppressed. We are therefore interested into any field which can give a local contribution to the vacuum energy density, including fields which are present only in a limited region of spacetime. They are associated to the presence in that region of macroscopically coherent condensed matter, described by an order parameter or collective wave function. This is for instance the case of a superconductor or a superfluid, which are described by a bosonic field φ. Unlike inflationary fields or the fields associated to the Higgs particle, φ is not translation invariant.
In order to find the local contribution of the field φ to the vacuum energy density, consider first its minimal coupling to gravity. The lagrangian of φ, its energy-momentum tensor and the coupling action are respectively
(3)
To lowest order in h µν the interaction action can be rewritten as
On the other hand, the cosmological term is (still to lowest order in h µν and expanding
Therefore the sum of the two terms can be rewritten as
We see that to leading order the coupling of gravity to φ gives a typical source term (h µν ∂ µ φ * ∂ ν φ) and subtracts from Λ the local density 8πGL(x). This separation is in fact arbitrary, but useful and reasonable if the lagrangian density is such to affect locally the "natural" cosmological term and change the spectrum of gravitational vacuum fluctuations corresponding to virtual mass densities much larger than the real density of φ.
For example, suppose that φ represents a condensate with the density of ordinary matter (∼ 1 g/cm 3 ). At the scale r ∼ 10 −4 cm, τ ∼ 10 −4 s, with the observed value of Λ, the upper bound on the virtual source density is ∼ 10 17 g/cm 3 , which is much larger than the real density. If L is comparable to Λ/8πG in some region, an inhomogeneity in the cut-off mechanism of the dipolar fluctuations will follow, and this effect could exceed by far the effects of the coupling (h µν ∂ µ φ * ∂ ν φ) to real matter.
As we shall show better in the following, the magnitude order of the lagrangian density L for certain coherent matter systems is close to the mentioned value for Λ. The sign and spatial dependence of L depends in a complex way on the form of the collective wave function.
Vacuum energy density vs. Ginzburg-Landau lagrangian.
Let us now focus on the case of superconductors, for which a widely used phenomenological theory is available -the Ginzburg-Landau theory -based on the macroscopic wave function ψ GL . In order to write the local contribution of a superconductor to the vacuum energy density, we need to express its relativistic lagrangian in terms of the non relativistic wave function ψ GL , which is well known in several physical situations. Some proposals for the inverse procedure, namely a relativistic generalization of Ginzburg-Landau theory, have been previously described in the literature [5, 6] . However, in [5] only variations in the phase of ψ GL are considered, and in [6] the tetrad formalism is employed, with a particular gauge fixing.
We shall follow a somewhat more conventional procedure. Let us consider the usual time-independent non-relativistic limit of the Klein-Gordon wave function, namely
By introducing this into the lagrangian (2), one obtains
This coincides with the part of the Ginzburg-Landau lagrangian containing the partial derivatives [7] , provided the wave function is suitably normalized. We set
and so obtain
In the following we shall just write ψ instead of ψ GL and we shall omit the space dependence. The normalization above corresponds to |ψ(x)| 2 = ρ(x), where ρ is the density of Cooper pairs. Next we generalize our initial lagrangian, without spoiling its relativistic invariance, in such a way to make it coincide with the full Ginzburg-Landau lagrangian in the low energy limit. To this end it suffices to add a quadratic and quartic term. We also introduce the minimal coupling with the four-potential A(x), finally obtaining
where α and β are two arbitrary coefficients, which in the end are identified with the Ginzburg-Landau coefficients. This is the lagrangian density to be inserted into eq. (7) as local contribution to the local energy density. Now we evaluate it for wave functions which satisfy the Ginzburg-Landau equation. Remember that this equation is obtained by minimizing the spatial integral of L; while doing this, one transforms a term (∇ψ * )(∇ψ) into a term ψ * ∇ 2 ψ, integrating by parts and supposing that ψ = 0 at the boundary. Here, however, we are not interested into the integral of L, but into its local value. Therefore we take the the Ginzburg-Landau equation
and multiply it by ψ * on the left. In the gauge ∇A = 0, ∇ commutes with A; after isolating the term 4e 2 A 2 ψ * ψ and replacing it into (13), we find
We observe that L is, by construction, real. Therefore the imaginary part of the expression above must vanish and we have 2ieA(ψ * ∇ψ + ψ∇ψ * ) = iIm(ψ * ∇ 2 ψ).
(16)
In conclusion equation (15) becomes
Introducing variables ρ(x) and θ(x), such that ψ(x) = ρ(x)e iθ(x) , we finally obtain a simple expression, in which the magnetic field does not appear explicitly
In this expression we can restoreh, obtaining
We recall [7] that the α and β coefficients depend on the absolute temperature T . The coefficient β is always positive and approximately constant near T c ; α is negative for T < T c and behaves like const.(T − T c ) near T c . The ratio between α and β is given by the relation n p = −α/β, where n p is the average density of pairs in the material. Finally, β is linked to the value of the Ginzburg-Landau parameter κ = λ/ξ by the relation κ 2 = m 2 β/(2µ 0h 2 e 2 ). We also recall that the wave function must satisfy suitable boundary conditions at interfaces with vacuum and at junctions with normal conductors.
The relative importance in eq. (19) of the terms with the gradients and the term proportional to β depends on the length scale at which the variations of ψ occur. If, as usual for Type II superconductors, this scale is of the order of 10 −8 m or less, the terms with the gradient dominate.
It is straightforward to check that the sign of L is generally negative, except for two types of configurations:
(1) For the constant solutions of eq. (14) in the absence of external field, which implies ρ(x) = n p . The corresponding constant lagrangian density is L = 1 2 βn 2 p . (2) For regions of the condensate where ρ∇ 2 ρ is negative and greater, in absolute value, than (∇ρ) 2 . It is straightforward to check that these are regions located around local density maximums, or more generally lines and surfaces where the first partial derivatives of ρ are zero and the second derivatives are negative or null. The lagrangian density at a maximum is L ∼ 1 2m ρ|ρ ′′ |. If the maximum is sharp, L can be much larger than for constant solutions. Configurations of this kind are characteristic of solutions of the Ginzburg-Landau equation with strong magnetic flux penetration [8] .
A local diminution, in absolute value, of the vacuum energy (and so an increase of the dipolar fluctuations) can happen if L and Λ/8πG have the same sign and |L| < |Λ/8πG|.
